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Hence, the effect of elastic distortion is to prolong the period in the 
ratio l + e'/e : 1. Taking a spheroid of the same size and mean density 
as the Earth rotating in a sidereal day, we find that the period is 
extended from 232 days to 335 days if the rigidity be that of steel. 
Assuming that in the case of the actual Earth the effects of hetero¬ 
geneity are to still further prolong the period in the ratio 305 : 232, 
we find for the period of oscillation of the Earth, supposed of the 
rigidity of steel, 440 days. 

How, observation* indicates that the earth is undergoing such an 
oscillation as we have been discussing in a period of 427 days instead 
of the period of 305 days indicated by theory on the assumption that 
the motion would take place sensibly in the same manner as if the 
earth were rigid. We see now that the divergence between theory 
and observation can be explained by taking into account the elastic 
distortions of the solid parts of the earth, and that the degree of 
rigidity required to account for the observed period is slightly in 
excess of the rigidity of steel. 

This explanation has been previously offered by Professor Hew- 
comb,t who has treated the problem by a simple geometrical method. 
The main object in undertaking the present analytical investigation 
was to examine the validity of certain hypotheses made by Hewcomb. 
An examination of the type of oscillation indicated by our analysis 
shows that the procedure adopted by Hewcomb is legitimate, but 
that there is a slight error in his assumed law of displacement of the pole 
of figure due to centrifugal force. Our method has the additional 
advantage of showing the degree of accuracy to which the results 
may be expected to hold good. 


II. On a Type of Spherical Harmonics of unrestricted 
Degree, Order, and Argument.’* By E. W. Hobson, Sc.D., 
F.R.S. Received December 23, 1895. 

(Abstract.) 

The type of harmonics considered in this memoir is 
r *sin 

where u n m (f) satisfies the differential equation 

. d 2 u du f , , ' m 2 ) 

- 2 ^ + r (w+1) = 0> 

* Vide Chandler, ‘ Astron. Journal,’ vols. 11, et seq, 
f ‘Monthly Notices of the Royal Astron. Soe.,’ March, 1892. 
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known as the differential equation of Legendre’s associated functions ; 
the degree n , the order ra, and the argument y are not, as in the case 
of the ordinary system of spherical harmonics, restricted to be real 
and such that n and m are integral and /x is a proper fraction, but are 
supposed to have unrestricted real or complex values. The investiga¬ 
tion is undertaken with the object of bringing the various types of 
harmonics, such as toroidal functions, conal harmonics, &c., under 
one general treatment. 

The two particular functions P w w 00> Q»*M? which satisfy the 
above differential equation are first defined in such a manner that 
they are uniform over the whole /i-plane, which, however, has a 
cross-cut extending along the real axis from y = 1 to y = — co. 

The definitions obtained are the following— 


P 

q— mu 

47r sin^7T 




Q»“00 

e ~(n+l) LTT 
4isinn7r 


II (n 4* m) 
~2 n U ( n) 







where in (y 2 —lf m , the phases of ^—-1, y + 1, are both zero when y is 
real and greater than unity, and each varies between the values Hh tt 
for various positions of the point y. Precise definitions are given of 
the meanings to be attached to the integrands. The path of integra¬ 
tion in the case of l? n m (y) consists of a loop described in the positive 
direction round the point t — y, followed by one in the positive 
direction round the point t == 1, then a loop in the negative direction 
round the point t = y, and finally a loop in the negative direction 
round the point t = 1, the whole forming a closed path, i.e ., one for 
which the integrand attains its initial value after a complete descrip¬ 
tion. In the case of Q n m (y) only two loops are required to form the 
closed path, one described positively round t = —1, followed by one 
described negatively round t = +1. These definitions are so chosen 
that in the case of real integral values of n and m , the functions 
coincide with the ordinary well-known Legendre’s associated functions. 

From these definitions the following representations of the functions 
by series are deduced— 


/>+i\ te i 


r; 

Q n n (_y) — 


F( —m, n- f-1, 1—m. 


’V L )( mod -“ 


<1 > 


2 sin (w + m) it II ( — m) 


it II ( — m) 1 e 


■Ja±l 

\n —L 




F ( — n,n + 1, .1—m. 


■ v )-(:—;)‘" f (-”■ n+h i - m ' Hr)} ■ 
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where mod. 


1+IA 


< 1 ; the tipper or lower sign is to be taken in the 


exponential, according as the imaginary part of jli is positive or 
negative. Degenerate forms of these series for special restrictions as 
to n and m are considered. 

The following expressions for PQwhen mod. /t>l are 
obtained—• 




sin Q+m> n(«+m) . ^ 

2 u+l COS nir n(w-h -^)n( — 


F 


i + m+2 n+m +1 ,3 1 \ , 0 „, II(»-$) 

- • - , % + -- ) + — -—- 


2 fi v n(n—m)n(—|) 


yr- 


m —w + 1 ni—n 1 1 \ 

2 ’ 2 ~”V/ 


0 »('«') - — n ( W+m ) n( ~^) 

w - 2 „ + i n (»+*) (/ J * 


F 


w-fm-}*2 w + wfc + l 3 1 

_ , - , n + ~, — 


The following relations between the particular integrals of the 
differential equation obtained by changing n into —n— 1 , and m into 
—m, are found ; by means of these relations the eight solutions are 
expressed in terms of two of them— 


p (i » 0 ) = p_»_. 0 ). 


Q—mirt, 

7 T COS U7T 


II (n + m) IT (n — in) 

{Q» M (/t) sin (m + m) 7 r—Q_”_ i (/i) sin (n— 111 ) 77 }, 


P« m 0*) = ^ 7 — fV M 0)—- e “ m sin nw . Q/' ! 0)}. 


It is further shown that 

_ , , x 2 sin (n-\- m)7r A , 

P» m ( —/*) = e Tnwt P tt m (^)---— . 

7T 

Q»“(-aO = -e±™‘Q*“00, 

where the upper or lower sign in the exponentials is taken according 
as the imaginary part of jjl is positive or negative. 

The following expressions for the functions are obtained for the 
domain of fi = 0 :— 
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P, s *0) = eT iiWl 2»cos 


n (n+fn-l\ 

nfc^n(_i) 

m*fw + l w—w 


F 


. % + m 

-f e T?im 2 <» sin —r— 5 


II 




n i- 


T - -~“TT-(/t 3 — l)^ m /J 

n—m— 1\„/ ,s v • ' 


n(-i) 


FI 


m J rn-\~2 m-n -fl 


V 2 ^ 2 ? F) ’ 


the. upper or lower sign is to be taken in the exponential, according’ 
as fi is above or below the real axis; 


III- 

~ , N ( Cl \ 2 

Q."(/“) = 2- 2 “ A - 


|n(-|) 


IT 


(/— j. u : 

w— m\ J \ 2 2 ’ 27 ^ 


n 

+ 6 . 2 ™ - 


n + m\ 


II 


where a = ~~e-( m ~ n )% 7rt , b — e( ril ~ n )% 7rL , if }jl is above the real axis ; 
and a = e^ m+n ^ irt 9 b = e( 3m+ ^)^ 7rt , if a is below the real axis. 

Special conventions are made as to the values to be attached to the 
functions at points in the cross-cut between the points + 1; these 
conventions are so made that the values of the functions shall be real 
for real values of m and n ; they are given by 

P n » (cos 0) — e* V n M (cos O +0.0 = e-I P u m (cos 0—0.i), 
e mnt Q/*(cos 0) = Q n m (cos 0 -f 0. i)+ei mirt Q/ J (cos 0—0 .«)}; 

it is further shown that 

Q n m ( C0 S $~}~0 . e) — ei miTl ' Q/'* (cOS 0 — 0 . t) — — t7re m7TL P n m (COS O') . 


The following expressions are obtained for the functions in series 
of powers of /n— v 7 /d—1:—• 
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I \ m M 


sin it H (n-r m) 


COS nr 


11 0+i)n (--!-) 


'^+m,n+m + l,n+i,~ 


+ 2 « 


n(n- 


-*) 


II (n— m)n(—I) 


(/a 2 —l) F (| + m, m—n, 1 — 


Q„» (/t) = 2™e % ™ —“ (^ 2 —1) fyr ( »+» +1) 


F ^ + m, w+m + 1, w+f, 

where 0 denotes */fi A — 1. 

A second expression for each of the functions is obtained in the 
form of an integral, which might serve as an alternative definition of 
the functions— 


00 


JL o. n ( w -i ) /•■.» 
2 « ' n(—i) 


(V—i) lai j 




h n +™ 


(1 — 2 /nh + h 2 ) m +* 


dfi, 


Q a m 00 = <e ( ” ,7rt . 2™ . n ^ m . 2 1 i)l« 

47TSin (^ + ?n)7T 

p« — !+» 04-) a - " 1 —, <3—) 


Jl'n+m 


(l—2fih+h 2 ) m+k 


dh , 


the meanings of the integrands being as before precisely defined; 
these expressions are not readily deducible from the former ones. 

Expansions in powers of are obtained for the two func¬ 

tions, and the following special cases are deduced :— 


P„’ B (cost?) = - 2 nfa + m) 

Au(#+|) 


/-~ 7 T WITT 

cos 1 w +i 0-1- 

v 2 4 2 

(2 sin 6) k 


+ 


-4 mr 
2.2^ + 3 


3 tt mir 


n + 1 - 0 - — + 
4 


(2 sin 0)* 


+ 


1-—4 .3“—4 m - 


„ 9 cosf w+J- 

— 4 m 3 \ 2 


2.4.27^ + 3.2^ + 5 


(2 sin 0)i 


57r mw\ 

T + X) +- 


This series represents the function for unrestricted values of n 
and m, provided tt/ 6 < 0 < 577-/6 ; it is, however, shown that if n and m 
are real, and such that 1, \ + m are positive, a finite number 

of terms of the series represents the function approximately when 
0 is not subject to the restriction, 
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Q» w (cos 0) = aA [_ 


o( cos (* 


mir\ 


JL- 

l 2 — 4 m 2 


(2 sin 0 )i 


2.2n + 3 


cos( w ^+~+-" 

4 2 


(2 sin 0)i 

tlie same remarks holding for this series as for the last one, 

Q,»(cosh*) = e -^ n l n +ffl J 1 _ 1 !~ 4m2 e ~* 

n(^+i) (2sinh^)^\ 2. 


}■ 


+ 


2n -f 3 2 sinh % 

l 2 —4 m 2 .3 2 —4 m 2 e~ 2 * { 

2.4.2n + 3 .n-r 5 (2 sinh 1r) 2 ***'J 


where cosh + must he greater than 3/2 a/2. 

The following asymptotic values of the functions are obtained: — 


n(n) 

Il(n -|-m) 


3 „’"(cos0) = a/_ 2 _ 1/ 

v wrsin 6U\ 


^ 1 —2m : 


472 


sim» + £0 + j + —/ 


1 — 4 m 2 


8 n 


cot 6 cos ( n + id + -7 + - 


F)}' 


II (w) 

II(n + m) 


Qa“ (COS 6 ) = /\/- 


J* / __ 1 -j- 2m 2 \ 


2?2 sin 0 \ \ 4 m J 


cos (« + £$+•-+— 


, X—4m 2 /--- 7 t ?w 

+— r -cot 0 sin [n + ^0 + -~ + 


8n 


3in (^ + i~ -4-2 

3 . m a . 1—4m 2 




P n »(cosh *) = - 1 — 1-_ Ii-l +Zl+l=±™ 2 1 \ 

U(n) ^/utt v/l —e~~ 2 * L 8 / 2 - n 4 n 1—e j ? 


11 ( 22 -) 
Il(w—m) 


Qa“(cosh%) = e iil ^ a/ Z. e ( 1 —— + 

v » yi—e -2 * I 8» 


72- 


1—4m 2 1 1 

4n l — e~ J 


The following expressions for the functions involving definite 
integrals along real paths are obtained; these include many known 
formulae as special cases :— 


P n m (/i) - Q—'inm sin m7T . Q, i n ^i) 

7 r 

U(n +m) (ix 2 —l) htl fir —- . . „ T 7 

— --- ~ j — - -— L Ut^ -1 cos 4r) n ni sm 2m k d4r 

11(72—m) 2MI( —|)IT(m—i) ''o^ r ' 
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where n is unrestricted, and m must be such that the real part of 
m+| is positive, that of fi must also be positive; under the same 
restrictions— 


P/" (ft) — e-mm m7r # Q w m (^) 


n(»+w) O 2 —l)*«_ sin 2 * * 

II(m— m) 2 m n(—!)JoO+ vV*—lcos^> 




also 

p »“ w ■VWg-ff*-.) 


-ij 

2 77-1 f 


cos 


m0 


n(%) cos 


{/i + v'/P-- 1 cos (0—ifr ± m) } n + 1 


d(p 


n^ Hhm ) sin m( * + m ) = ^ 7 ^+ Vp*-lcos(<fi-*±iu)}*d</> 

where m is a real integer, n is unrestricted, and u is any real positive 

quantity less than i log. mod. and the real part of ^ is positive, 

1 


Q » m () =; 


t n(«+m) n(-j) r 2 _ 
n(w—|) ^ 

\ (/a -f V fjd—l cosh w)~ n ~ m ~ l sinh 2m w dw 


where the real parts of m -f*w—m + 1 must be positive ; 


Qn“(/t) = e mm 2 m -cos vnr . (> 2 —l) _s " 


n(-i) 


/Li — •/ /c— X cosh w) n+m sinh ~ 2m w dw 


■where iv 0 = -rr log. mod. d~ —, and the teal parts of n + m+ 1, 

fi—i 

must be positive; 


Q»“0) = e n 


nfo) r 


cosh mu 


Hi dU > 


J 0 (^-f 1 cosh w)” +l 

where the real parts of % + m-f-l and %—m -j-1 must be positive ; 


Q n m M = 


II (n -f m) f l0 ^ ^+i)/0t - i)j 
II (n) 


op* 

•lo 


{/t— vV—1 cosh u} n cosh mudu, 


where the real part of n -j-1 must be positive. 
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The following expressions are obtained :— 

{^+ y/ i COS (0 — iu)} n 

= P«0)+2 ” S TT,/ 1 ? \ P#”Cti)cosm^—^±(t«), 
m=i n(n+m) 

where u < log mod. \/{(/* + l)/(/i—l)}; this expansion holds for 
unrestricted values of n, m having all positive integral values; 

{p+ ^ Icos (0—fim)} a 

— 2 ———— / P n m (f) — — e" W7rt sill n7r. Q n m (f) 1 -■*'-*'«) 7 

n(^-)-wi) L 7T J 


where «>log mod. v/{(yt*—l) }, n is unrestricted and m has 
the values n, n— 1, n—2 . 

The following generalisations of the well-known expressions of 
Dirichlet and Mehler for P^(cos 0) are obtained :— 


V n m (cos 0) — 


2»n(-i)n (m-i) 


sin“ 3a 0 


? COS (^ + 2*) 0 
(2 cos 0—2 cos 0f~ 


. d0 ? 


where the real part of is positive, and n is unrestricted. 


P„-»(cos0) 


2 sin“ w 0 


. J (- COB [Qt+j) 0-( m+$) g-] ^ 

—(2 COS <9 —2 COS 


■j" cos (w+^—w)w 


0 )* 

e ~(w+-|)v 


(2 cos hv -j- 2 cos 


f—m ^ 


which holds, provided the real parts of m + j, n-m- j-1 are positive. 

Various other definite integral formulae are deduced which hold 
under special conditions. 

The following recurrent relations 6 are proved for unrestricted values 
of n and m :— 


(,r -1) =(n-m+ l) P,A 00 - (»+X) /&S 00. 

(a--l) 00-(» + ») PA 00, 

( 2 / 2 + 1 ) juP n m (jit) —(n—m + l)P H + 1 (f) — (n + m) Pi (/*) = 0, 

P« li!+2 00 + 2 (m +■1) - +- P»” + V)— (»—to) O + m+l)P„ M (/0 = 0, 

V p 2 —1 

with precisely corresponding formulae for the Q functions. 

The memoir concludes with an examination of the ring functions, 
and the harmonics for the cone and the bowl; in particular, con¬ 
vergent series are obtained for both the tesseral toroidal functions. 




